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Abstract. 

In this paper we study homological properties of modules over an affine Hecke 
algebra 7i. In particular we prove a comparison result for higher extensions 
of tempered modules when passing to the Schwartz algebra 5, a certain topo- 
logical completion of the affine Hecke algebra. The proof is self-contained and 
based on a direct construction of a bounded contraction of certain standard 
resolutions of 7^-modules. 

This construction applies for all positive parameters of the affine Hecke alge- 
bra. This is an important feature since it is an ingredient to analyse how the 
irreducible discrete series representations of 7i arise in generic families over 
the parameter space of 7i. For irreducible non-simply laced affine Hecke alge- 
bras this will enable us to give a complete classification of the discrete series 
characters for all positive parameters (we will report on this application in a 
separate article). 
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Introduction 



Affine Hecke algebras are useful tools in the study of the representation theory 
and harmonic analysis of a reductive p-adic group G, cf. [BuKult IBuKu2l ILus3l 
IMorH IMor2j . A central theme in this context is the Morita equivalence of Bernstein 
blocks of the category of smooth representations of G with the module category of 
suitable Hecke algebras, often closely related to affine Hecke algebras. This could 
be thought of as an affine analogue of the role played by finite dimensional Iwahori- 
Hecke algebras in the representation theory of finite groups of Lie type, a theory 
which was developed in great detail by Howlett and Lehrer [HoLej . An important 
point of Howlett-Lehrer theory is the fact that the Hecke algebras which arise are 
semisimple specializations of a generic algebra. The affine Hecke algebras which 
arise in the study of reductive p-adic groups are specializations of generic algebras 
as well. This time however, it is much more delicate to relate the representation 
theory of different specializations of the generic algebra. The theory developed in 
this paper gives an important handle on such problems. 

Various aspects of the harmonic analysis on G can be transferred to Hecke alge- 
bras |HeQp| . In particular the Hecke algebra comes equipped with a Hilbert algebra 
structure defined by an anti-linear involution and a tracial state whose spectral mea- 
sure (also called Plancherel measure) corresponds to the restriction of the Plancherel 
measure of G to the Bernstein block under the Morita equivalence. This should be 
compared to the role of generic degrees of representations of finite dimensional Hecke 
algebras in Howlett-Lehrer theory. 

The Schwartz algebra completion 5 of plays a role which is similar to that 
of the Harish-Chandra Schwartz space C{G) in the representation theory of G. In 
particular the support of the Plancherel measure of Ti consists precisely of the ir- 
reducible representations which extend continuously to S (the irreducible tempered 
representations) . 

More restrictively we say that an irreducible W-module belongs to the discrete 
series if it is contained in the left regular representation of Ti on its own Hilbert space 
completion. Every irreducible representation can be constructed from a discrete 
series representation, with a suitable version of parabolic induction. Therefore the 
discrete series is of utmost importance in the representation theory of 7i and of S. 

Although S is larger then 7^, its representation theory is actually simpler. The 
spectrum of S (also called the tempered spectrum of Ti) is much smaller than the 
spectrum of 7i. For example the discrete series corresponds to isolated points in 
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the spectrum of S, while the spectrum of H is connected. This observation leads 
to an especially nice property of S, namely that discrete series representations are 
projective and injective as 5-moduIes. Contrarily Ti does not have finite dimensional 
projective modules. Yet with quite some representation theory |DeQp| one can 
reconstruct the entire spectrum of Ti from its tempered spectrum. 

A priori there could exist higher extensions of tempered 7^-modules which are 
themselves not tempered. But this does never happen. More precisely we prove in 
Corollary 13.71 that 

Ext^([/, V) ^ Extg(C/, V) (1) 

for all finite dimensional tempered 7^-modules U and V and all n > 0. Our belief that 
something like ([1]) might be true was inspired by the work of Vigneras, Schneider, 
Stuhler and Meyer [Vigl [ScSg [MeyS] . 



To prove ([T]) we construct explicit resolutions of U and V by projective H- 
modules. The remarkable part of the proof is that we can turn these into projective 
«S-module resolutions in the most naive way, simply by tensoring them with iS over 

n. 

One instance of ([1]) is particularly important. Suppose that [/ is a discrete series 
representation and that V is an irreducible tempered 7^-module. Theorem 13.81 states 
that 

Ext^(C/,F)-| ^ ift/-yandn = 
[0 otherwise 

We want to use ([2]) to count the number of inequivalent discrete series representa- 
tions. This requires quite a few step, which we discuss now. The Euler-Poincare 
characteristic |ScSt] of two finite dimensional 7^-modules is defined as 

oo 

EPniU, V) = Y^i-ir dime Ext^(t/, V) (3) 
n=0 

This extends to a symmetric, bilinear and positive semidefinite pairing on virtual 
7^-modules. By ([2]) the discrete series form an orthonormal set for this pairing. 

On the other hand for the label function q = 1 we have Ti{TZ, 1) = C[M^] and 
S{n, 1) = S{W), so ^ becomes 

oo 

EPwiU, V) = J^(-l)" dime Ext^V(^7, V) (4) 

n=0 

This is much simpler than ([3]) , as everything about the Euler-Poincare characteristic 
for groups like W can be made explicit. In Theorem 13.31 we find a conjugation- 
invariant "elliptic" measure fieii on W such that 

EPwiU,V) = [ xUXvd^ieii (5) 
Jw 

where x denotes the character of a representation. The support of Heii consists 
precisely of the elliptic conjugacy classes in W, whose number can easily be counted. 
This can be compared with Kazhdan's elliptic integrals [Kaz^ IScStl IBez] . 
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Finally we relate EP-j-i^ to EP\y as follows. The label function q can be scaled to 
g*^ (e G M), which yields a continuous field of algebras Ti.{TZ,q'^). One can associate 
to any finite dimensional 7Y- module V a continuous family of modules d'^iV) such 
that 

EPn(n,,^){ae{U),a,{V)) = EPn{U,V) Ve G [-1,1] (6) 

In particular we can evaluate this at e = 0, which in combination with the above 
yields a important upper bound on the number of discrete series representations of 
TC, see Proposition 13.91 In |OpSo| we will use this bound to obtain a complete clas- 
sification of the discrete series of affine Hecke algebras Ti.{TZ,q) with TZ irreducible 
and q positive. 

Now let us describe the contents of the chapters. 

In the first chapter we collect some notations and results that will be used subse- 
quently. We do not prove any deep theorems in this chapter, but some of the results 
have not been published in research papers before. 

Chapter two is the technical heart of the paper, here we prove everything needed 
for ([T]). In fact we do something better, we construct an explicit projective Ti- 
bimodule resolution of TC. The crucial point is that this becomes a resolution of 
5 if we tensor it with S ^ over Ti. ® TC"^ and subsequently complete it to a 
complex of Frechet spaces. As an immediate consequence we calculate that the 
global dimensions of 7i and S are equal to the rank of the underlying root datum 

n. 

Although the proof of uses the combinatorial structure of affine Hecke alge- 
bras in an essential way, the result itself is of a more analytical nature. The inclusion 
TL ^ S can be compared to embeddings of the type Fi{G) — > F2{G), where G is a 
locally compact group and the Fi{G) are certain convolution algebras of functions 
on G. In many situations of this type there is a comparison result 

Ext^^(^)(C/,y)=Ext^^(G)(C/,F) (7) 

for very general modules U and V |Mey3| . 

We choose to formulate our results in the category of bornological 5-modules. 
Bornologies are the best technique to cover both non-topological algebras like Ti. and 
Frechet algebras like S, in a natural way. However, we would like to point out that 
the technical language of bornologies is inessential when dealing with the case of 
finite dimensional modules of W or 5. In this case it suffices to work with algebraic 
tensor products and all proofs can be adapted in such a way so as to avoid the use 
of results on bornologies. In particular the results on the discrete series do not rely 
on bornologies. We have put some necessary information on bornological modules 
in the appendix. 

In chapter three we first study the Euler-Poincare characteristic for crossed prod- 
ucts of lattices with finite groups. This leads among others to ([5]). Clearly the results 
hold for affine Weyl groups, but they do not rely on root systems. In the last two 
sections we combine everything to derive the aforementioned properties of the Euler- 
Poincare characteristic for affine Hecke algebras. 
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Chapter 1 

Preliminaries 



1.1 Root data 

First we introduce some well-known objects associated to root data. For more 
background the reader is referred to [BrTH IHum[ IIwMa] . 

Let Rq be a reduced root system of rank r in an Euclidean space E = W. Let 
Wq be the Weyl group of Rq and 

Fq = {ai, . . . ,ar} 

an ordered basis. This determines the set of positive (resp. negative) roots Rq (resp. 
Rq)- We suppose that Rq is part of a based root datum 

n = {X,Ro,Y,R^,Fo) 

For I C Fq we write 

Cf := {x e E : {x, a':^) = Oyai e I, {x, a]) yOVaj e Fo\I} 
C++ := {xeE:{x,a'^) = OyaieI,{x,af)>OyajeFo\I} 

We call C^~^ the positive chamber. Its closure is a fundamental domain for the 
action of Wq on E. The isotropy group (in Wq) of any point of C/+ is the standard 
parabolic subgroup Wj of Wq. 

Recall that y x Z is the set of integral affine linear functions on X. Let R^^ be 
the affine root system Rq x Z C 1" x Z. The subsets of positive and negative affine 
roots are 

Rf = ^ u R^ X Z>o 

ijaff ^ ^v,- ^ \j R^ X Z<o 

The affine Weyl group of R^^ is W'"^^ = ZRq x Wq, usually considered as a group of 
affine linear transformations of X. It acts on R^^ by 

w ■ {a'^ , k){x) = {a^ , k){w~^x) 

For a = (a"^ , k) G R^^ consider the affine hyperplane 

Ha := {x e E : {x , a) = {x , a"^) + k = 0} 
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By definition Sa is the reflection in this hyperplane, given by the formula 

Sa{x) = X — {x , a^)a — ka 

Let Fm be the set of maximal elements of Rq for the dominance ordering. Label its 
elements Oj , j = r + I, . . . , r + r' , where r' is the number of irreducible components 
of Rq. We write 

_r (aj,0) if ajGFoV 
"-^-X (-aj,l) if ajGFM 

Then 

F-«^:={a,:i = l,...,r'} 
IS a basis of and (W^, S^^) is a Coxeter system, where 

:= {sa-.ae F^} 

For J C we put 

Aj := {x e E : {x , aj) = Voj G J, (x , ai) > Voi € F''^ \ J} 

All the A J are facets of the fundamental alcove A^ . Its closure Ag, is a fundamental 
domain for the action of on E. The isotropy group (in W^^) of a point of Aj 
is the standard parabolic subgroup (J) of 14^**^. We will also write facets as / = Aj, 
in which case the pointwise stabilizer is Wf = (J). Notice that this is consistent 
with the above notation in the sense that Wq is the isotropy group of the facet {0}. 

All the hyperplanes H(^ay,k) together give E the structure of a polysimplicial 
complex S. The interior of a polysimplex of maximal dimension is called an alcove. 

Example. 

Let i?o be the root system B2 in = M^: 

Ro = {±(1,-1),±(0,1),±(1,0),±(1,1)} 
The Weyl group Wq is isomorphic to the dihedral group D4. A basis of Rq is 

Fo = {ai = (l,-l),a2 = (0,l)} 
The positive chamber and its walls are 




-2-10 1 2 



If furthermore 03 = (1,0) then 

F^ = {(a^, 0), (a^, 0), {-a^ 1)} = {ai, as, ao} 
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The affine Weyl group W^^ is generated by the simple reflections 



Sl 


(xi,X2) - 


> (X2,xi) 




(xi,X2) - 


> (Xi,-X2) 


So 


(xi,X2) - 


> (l-a;i,a;2) 



The simplicial complex S and the fundamental alcove look like 



2 
1 


-1 
-2 




{(0,0)} 



-1 1 



In general, if A and A' are two alcoves, then a gallery of length n between A and 
j4' is a sequence {Aq, . . . ,An) of alcoves such that 

• Ao = A 

• An = A' 



• Ai^i n Ai ,yi is contained in exactly one hyperplane Ha 

The group W^^ acts simply transitively on the set of alcoves. For w G W^^ there 
is a natural bijection between expressions of w in terms of the generators S^^, and 
galleries from to wAijf. This bijection is given by 

W = Si---Sn < > (Si • • • Sm^0)m=O (1-1) 

Lemma 1.1. For w E W^^ the following numbers are equal: 

1) the word length l{w) in the Coxeter system (W^^,S^^^ 

2) #{a e Rf : wa G i?^*^} 

3) the number of hyperplanes Ha (a G i?^^) separating Afj^ and wAfjj 

4) i/ie minimal length of a gallery between Afjj and wAfj^ 

In particular (jl.ip restricts to a bijection between reduced expressions and galleries 
of minimal length. 



Proof. See |IwMa[ Section 1], [BrTi^ Section 2.1] or [Hum^ Theorem 4.5]. 



□ 
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Varying on the Bruhat order, we define a partial order <a on the affine Weyl 
group W^^: 

u<AW e{u) +£{u~^w) = £{w) 

This means that u <a w if and only if a reduced expression for u can be extended 
to a reduced expression for w by writing extra terms on the right. 
Let K be a subset of and a G i?o- 

m{K,a) := inf { [(x , a^)J : x G A' U ^0} 
M{K,a) := sup { \ {x , a"^ )] : x e K U A^} 

where [y\ and \y~\ denote respectively the floor and the ceiling of a real number y. 
With these numbers we define 

A{K,a) := {x (£ E : m{K,a) < {x , a"^) < M{K,a)} 

We can interpret A{K) as a kind of S-approximation of the convex closure of i^U ^0 
in E. 

Example. 

In the setting of our previous example Rq = B2, let K be the simplex 
[(3/2,3/2), (3/2,2), (2,2)]. Then A{K) is the colored area below: 




CD A(K) \ Ku.A„ 



-2-10 1 2 

Lemma 1.2. For any w G W^^ we have 

A{wA^)= IJ uT^ 

Proof. "D" By Lemma 1 1 . 1 1 everv alcove uA^, with u <a w is part of a gallery of 
minimal length between ^0 and wAiji. Such a gallery cannot cross any hyperplane 
Ha {a G R^^) that does not separate A^jf and wAdj. So for every a G i2o we must 
have 

{uAijj , a^) C [m{wAiij,a), M{wAQ,a)] 

"C" Since it is bounded by hyperplanes Ha with a G R^^ , A{wAq) is a union of 
closures of alcoves. If B C A{wA(ij) is an alcove, then there are no hyperplanes Ha 
separating B from Aij) U t«^0. Hence B is part of at least one gallery of minimal 
length between ^0 and wAnj. So B = uAi^ for some u <a w. □ 

We note the consequence 

wA{a)cA{wa) cCi',w gWq (1.2) 
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1.2 AfRne Hecke algebras 

We recall a few important results on affine Hecke algebras, meanwhile fixing some 
notations. Reconsider the based root datum TZ = {X, Rq,Y, Rq , Fq). The Weyl 
group of TZ is 

w{n) = W = X ^Wo 
which acts naturally on X. Clearly it contains W^^ as a normal subgroup. We write 

X+ := {x e X : {x, a^) > Va G Fq} 

X- ■.= {xeX -.{x, a^) < Va G Fo} = -X+ 

It is easily seen that the center of W is the lattice 

z{w) = x+r\X- 

We also want to make W act on E. Since 

X®m. = E® (Z(Ty)®M) 
there is an orthogonal projection 

PE ■■ X <^M. ^ E 
This induces a group homomorphism 

PE -.W ^ E yiWo 

and the latter group acts naturally on E. The resulting action oiW on E consists 
of automorphisms of S, because 

{Pe{x) , a') = {x , a') (iZ Vx G X, a"^ G i?^ 

Hence 2), 3) and 4) of Lemma 1 1 . 1 1 define a natural extension of the length function 
I from W^^ to W. 

We say that IZ is semisimple if Rq = C y, or equivalently \i X = E. liTZ 
is not semisimple then we can make it so by enlarging Rq and Rq. Namely, pick a 
basis {ur+i, . . . , ark(x)} of -'^'"l (-^0 )"'' declare those elements to be simple roots. 
Also pick G y such that 

{ai , a)) = 26ij i = l,..., rk(X), j > r 

Thus we constructed a semisimple based root datum 

'JZ:={X,R,Y,R'',Fo) (1.3) 

where R^ RqX {AiY^'^^')-' . Observe that 

w{n) = w{n) X G = X X {Wo{n) x g) = x x Woin) (1.4) 
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With TZ we also associate some other root systems. There is the non-reduced root 
system 

Rnr ■■= Ro U {2a : G 2Y} 

Obviously we put (2a)^ = Let Ri be the reduced root system of long roots 

in Rnr- 

Ri := {a G Rnr : 2Y} 

Let g be a positive labeling of R^r, i-e. a Wo-invariant map R^r — > (0,oo). This 
uniquely determines a parameter function q : W ^ {0, oo) with the properties 

Q{sa) = qa'^ a G i?o n i?i 

9(*/3S/3) = P € Ro\ Ri 

= qp'^ /2(ll3^ P£Ro\Ri (1.5) 

(/(cj) =1 u; G 

q{wv) = q{'w)q{v) w,vGW with = ^(w) + £(1;) 

Conversely every function on W with the last two properties defines a labeling of 
Rn^. We speak of equal parameters if q{s) = q{s') Vs, s' G S"^^. 

The affine Hecke algebra Tl = 7i{TZ, q) is the unique complex associative algebra 
with basis {T^ : w G W} and relations 

Tu,T, = T^v if iiwv) = i{w) + eiv) 

TsTs = {q{s) - l)Ts + q{s)Te if s e S^^ 

We can extend g to a parameter function q on W{Tl) by putting 

g(s„J = l Vi>r (1.6) 

By construction 

7^(^,0^) ^ G X 7^(7^,g) 
Now we describe the Bernstein presentation of Tl. For x G X+ we write 

The corresponding semigroup morphism — > T-L[TZ,q)^ extends naturally to a 
group homomorphism 

X n{n,qY -.x^e^ 

Theorem 1.3. a) The sets {T^Ox : w G Wq,x G X} and {OxT^ ■ w G Wo,x G X} 
are both bases ofTi. 

b) The subalgebra A := span{0-j; : x G X} is isomorphic to C[X]. 

c) The Weyl group Wq acts on A by w ■ 6^ = Owx CLnd the center of H{TZ,q) is 

Z{n)=A^<'. 

Proof. These results are due to Bernstein, see [nii2l §3]. □ 
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Ri 


= QlnRo 




= Qi?y n 


Xi 


= x/(xn(/v)^) 




= x/{xn qi) 


Yi- 


= y n Q/^ 




= Yni^ 


Ti- 


= Homz(X/,CX) 








= {Xj,Rj,Yi,R'^J) 




= {X,Rj,Y,R^,I) 



Let T be the complex algebraic torus Homz(X, C^), so that A = 0{T) and 
2'(7^) = = 0{T/Wq). From Theorem Owe see that U is of finite rank over 
its center, and hence Noetherian. 

For a set of simple roots I C Fq we introduce the notations 



(1.7) 



We can define parameter functions qj and on the root data TZj and TZ^ . Restrict 
g to a labeling of (i?/)^^ and use ([TS]) to extend it to W{ni) and W{n^). Then 
H{TZ^ , q^) is isomorphic to the subalgebra of 7^(7^, q) generated by A and H{Wi, q). 
With this identification in mind we call Ti.{TZ^ , q^) a parabolic subalgebra of TiCJZ, q). 
For any t £ there is a surjective algebra homomorphism 

4>t:n{n',q')^n{ni,qi) ^^^^ 

where xj is the image of x G X in Xj. So given any representation a of T-l{TZi,qi) 
we can construct the 7^-representation 

7T{I,a,t) := Ind^|^f^^^(cr o 

Representations of this form are said to be parabolically induced. 

Since Ti. is of finite rank over Z('H) every irreducible "H-representation has fi- 
nite dimension. In particular an "H-module is of finite length if and only if it has 
finite dimension. Let Mod('H) be the category of all T^-modules and Modfin{Ti.) 
the subcategory of finite length 7-^-modules. We denote the Grothendieck group of 
ModfinCH) by G{Tl) and we write 

Gc{n) := G{n) ®z c 

Similarly we can define Mod(A), Modjj„(^), ^(A) and Gc(^) for any algebra or 
group A. 

The center of 7i{TZ,q) contains the group algebra of Z(W), so every irreducible 
"H-representation admits a unique Z(VF)-character x- Such representations factor 
through the algebra 

'H{'R-,q)x = W 
The algebra TC is endowed with a trace 



w€W 

and an involution 



^ hiuTuij = he 
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Because q takes only positive values, * is conjugate- linear and antimultiplicative 
while r is positive. 

Our affine Hecke algebra is canonically isomorphic to the crossed product of the 
Iwahori-Hecke algebra corresponding to W^^, and the group CI: 

Let / be a facet of the fundamental alcove and write 

Clf := {u G n:pEu{f) = /} 
Then Clf acts on Wf, so we can define 

n{nj,q) ■.= n{Wf,q)>^nf 

By definition Z{W) C fi/, so 

c[z{w)]cz{nin,f,q)) 

Lemma 1.4. Let be a onedimensional Z{W) -representation with character x- 

/, q)^ := f, q) ®z{W) 

is a finite dimensional semisimple algebra. 
Proof. As vector spaces we may identify 

n{n, /, q)^ = Ind^g^J^C;, = n{Wf, q) ®c C[^flZ{W)] 

We can extend |x| canonically to X (g) R, making it 1 on E. Using this extension we 
define an involution *^ on H{TZ,f,q) by 

{h^T^y^ = h;;;\x\{2w{o))T^-i 

The associated bilinear form is 

{h, h')^ = T{h*^ -h') 

By construction Indq^^j;(^|?C^ is now a unitary representation. This maJies H{TZj /, q)^ 
into a finite dimensional Hilbert algebra, so in particular it is semisimple. □ 



1.3 The Schwartz completion 

We introduce the Schwartz completion S oi H and discuss some properties of 5- 
modules. 

The involution and the trace on Ti.{TZ,q) give rise to a Hermitian inner product 

{h , h') = T{h* ■ h') h, h' e 7^(7^, q) 
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and a norm 



Mr = V¥7h) = yjrih* ■ h) 
With a basic calculation one can check that 

{N^ = q{w)-^'^T^ -.weW} (1.9) 

is an orthonormal basis of H{Tl,q) for this inner product. All this gives Ti.{TZ,q) 
the structure of a Hilbert algebra, in the sense of [Dixl A 54]. Let L?'{TZ,q) be 
its Hilbert space completion, for which (|1.9p is by definition a basis. Consider the 
multiplication map 

\{h) : n{n,q) n{n,q) 
\{h)h' = h-h' 



By [Qpdl Lemma 2.3] this maps extends to a bounded operator on L'^{TZ, q), whose 



norm we denote by 

ll^llo = ll^(^)llB(L2{7^,g)) 

Thus, H{Tl, q) being a *-subalgebra of the C*-algebra B{Lp'{TZ, q)) of bounded oper- 
ators on L'^{7l,q), we can consider its closure C*{TZ,q) with respect to the operator 
norm topology. By definition this is a separable unital C*-algebra, called the (re- 
duced) C*-algebra of Ti or of {TZ, q). 

Let (tt, V) be an irreducible 7^-representation. We say that it belongs to the 
discrete series if the following equivalent conditions hold: 

• (vr, V) is a subrepresentation of the left regular representation (A, Lp'{TZ, q)) 

• all matrix coefficients of (tt, V) are in L^{TZ, q) 

By definition a discrete series representation is unitary, and it extends contin- 
uously to C*{TZ,q). Because this is a Hilbert algebra, a suitable version of [Dixl 
Proposition 18.4.2] shows that vr is an isolated point in its spectrum. Moreover, 
since C*{TZ, q) is unital its spectrum is compact |Dixl Proposition 3.18], so there can 
be only finitely many inequivalent discrete series representations. 

It is also possible to complete HiTZ, q) to a Schwartz algebra S. As a topological 
vector space S will consist of rapidly decreasing functions on W, with respect to some 
length function. For this purpose it is unsatisfactory that ^ is on the subgroup 
Z{W), as this can be a large part of W. To overcome this inconvenience, let 
L : X ®R ^ [0, oo) be a function such that 

• L{X) C Z 

• L{x + y) = L{x) \/x e X (S)R,y £ E 

• L induces a norm on X ® R/E ^ Z(W) (g) M 
Now we define for w (zW 

Miw) := £{w) + L{w{0)) 
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so that 

N{uLo) = M{uju) = £{u) + L(w(0)) u G W^^,uj G O 
M{wv) < M{w)+Af{v) w,v£W 

Since Z{W) © ZRq is of finite index in X, the set {w e W : Afiw) = 0} is finite. 
Moreover, because W is the semidirect product of a finite group and an abehan 
group, it is of polynomial growth, and different choices of L lead to equivalent 
length functions J\f. For n G N we define the norm 



I := sup \hw\{M{w) + 1 



The completion S = S{Tl, q) of TCiJZ, q) with respect to the family of norms {pn}neN 
is a nuclear Prechet space. It consists of all possible infinite sums h = Yl^^iy h^N^ 
such that Pn{h) < cxd Vn G N. 

Lemma 1.5. [Sol, p. 135] Let b = rk(X) + 1. The sum 

mw)+i)-' 

converges to a limit Cb. If h £ S and n G N then 

^ Kmiw) + ir <CbPn+b{h) 

The norms pn behave reasonably with respect to multiplication: 

Theorem 1.6. jOpdlj Section 6.2] There exist Cg > 0, d G N such that \/h,h' G 
S{n,q),n G N 



Pn{h ■ h') < CqPn+d{h)Pn+d{h') 

In particular S{TZ, q) is a unital locally convex *-algebra, and it is contained in 
C*(7^, q). 

The reader is referred to |DeQp| for a study of the algebra S and its Fourier 
transform. Notice that as a Frechet space S{TZ, q) does not depend on q. The basis 
{N^ : w G W} gives rise to a canonical isomorphism between S{TZ,q) and S{W). 

For e G M let q^ be the parameter function q''{w) = q{wY. For every e we have 
the affine Hecke algebra ?i{Tl,q'^) and its Schwartz completion S{TZ,q'^). We note 
that n{n,q^) = C[W] is the group algebra of W and that <S(7^,g°) = S{W) is the 
Schwartz algebra of rapidly decreasing functions on W. 

The intuitive idea is that these algebras depend continuously on e. We will use 
this in the form of the following rather technical result. 

Theorem 1.7. For e G [—1,1] there exists a family of maps 

a, : Mod fin{n{n,q)) ^ Mod fin{n{n,q')) 
a,(7r,y) = (7r„y) 

with the properties 
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1) the map 

[-1,1] ^Endy :e^7r,(iV^) 
is analytic for any w €W . 

2) 5"e is a bijection if e ^ 0. 

3) cTe preserves unitarity. 

4) preserves temperedness if e > 0. 

5) preserves the discrete series if e > 0. 

Proof. See [Sol, Theorem 5.16 and Lemma 5.17]. □ 
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Chapter 2 

Projective resolutions 



In this chapter we wih contruct projective resolutions for modules of an affine Hecke 
algebra Ti. We do this in a functorial way, starting from an explicit projective 7i- 
bimodule resolution of 7i. This allows us to show that the global dimension of 7i 
equals the rank of the lattice X. 

It turns out that the same contractions also work over S. However this is by 
no means automatic. Namely, it is not enough to have a projective 7Y-bimodule 
resolution, to show that it can be induced to S we also need a contraction which is 
bounded in a suitable sense. The essential part of the proof takes place within the 
polysimplicial complex S associated to the root system Rq. Taking advantage of 
the abundant symmetry of root systems we construct a bounded contraction of the 
corresponding differential complex. With this contraction we establish a projective 
bimodule resolution of S. As a consequence we can show that the cohomological 
dimension of Modfeor('5) also equals the rank of X. 

Actually more is true, as Ralf Meyer kindly pointed out to us. The inclusion 
of complete, unital, bornological algebras 7i ^ S \s isocohomological (in the sense 
discussed in the appendix). 

2.1 The bounded contraction of the polysimphcial com- 
plex 

Prom the polysimplicial complex S (cf. page [7]) we construct a differential complex 
(C*(S), The vector space in degree n is 



For every a there is a unique facet / of the fundamental alcove such that a is 
T^'^'^^-conjugate to the closure / of f in E. We fix an orientation on all the facets of 
^0 and we decree that the map w : f ^ wf preserves orientation. This determines 
a unique orientation on every simplex of S. With these conventions we can identify 




(2.1) 



(2.2) 



/:dim f=n 
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Clearly S is the direct product of a number (say r') simplicial complexes correspond- 
ing to the irreducible components of Rq. Let 



be a polysimplex of S. Denote the vertices of a^^^ by xp^, so that we can write 



M) - 



S3) Jj) 



This defines an orientation on a^^^^ in the sense that 



•^A(0)'-^A(1)' • • • ' \{d.j) 



6(A) 



Ai) Si) 



{j) 



for any A G S^j ■ The boundary of (t(J) is defined as 



da^^^ = d 



Si) Jj) 



Si) 



X, 



(j) 



U) Jj) 



Sj) 



' ■ ■ ■ 5 -^i-l) -^i+l) • • • ) -^d. 



i=0 



5 



X, 



(i) 



Furthermore we define 



a„a = ^(-l)'^i+-+'^.-ia(^) X • • • X a^^-^) x da^^^ x a^^+i) x • • • x a^''') 

if dim (J = n > 0. It is easily verified that this operation satisfies the usual property 
do d = 0. We augment this differential complex by 

C_i(E) = C 

and OqIx] = 1 if x is a vertex of E. The augmented complex (C*(E), 9*) computes the 
reduced singular homology of the space E underlying E. This space is contractible, 
so by the Poincare lemma 

i/„(C*(E),9,) = VnGZ (2.3) 
The support of a chain c = YlaeT; ^o-*^ ^ C'*(E) is 

supp c = U 

A contraction 7 of (C,f(E), 9=,,) is a collection of linear maps 

7„ : C„(E) ^ C„+i(E) n>-l 

such that 

Jn-ldn + dn+i7n = idc„(s) Vn G Z 

The periodic nature of E allows us to construct a contraction with good bounds on 
the coefficients: 
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Proposition 2.1. There exists a contraction 7 with the properties 

1) + = id 

2) 7 is Wo-equivariant 

3) supp 7(0") C A{a) for every cr S S 

4) 7(0") = X^tgS '^o't''" ^^^^ |7o-t| < M.y for some constant depending only on 7 

Proof. Our construction will be rather similar to that of V. Lafforgue in [Skal 
§4]. First we impose some extra conditions. 2) and 3) force 

5) if o- C Cj then supp 7(0-) C C/ 

In view of (|1.2p and since d is Wo-equivariant, it suffices to construct 7 on . We 
will use that the translations tx with x € Zi?o are orientation preserving automor- 
phisms of S. For ai £ Fq let Pi be the minimal element of Cp^^^r^ H ZRq. Note 
that f3i is an integral multiple of a vertex of Ag. We could also pick a fundamental 
weight instead of Pi, but in that case we would have keep track of the orientations. 
Consider the halfopen parallelogram 

r 

P,l> = {^yiP^■■ Vie [0,1]] 
1=1 

Let r be any polysimplex whose interior is contained in Pg. Our contraction will 
also satisfy 

6) 7(i(m+l)ft(-^)) = 7(imft(T)) + tmft7(ift(T) - t) 

for m > 0. Suppose that P = Yli=i ''^iPi with Ui e N. Then we decree 

Here we use the ordering on the set Fq of simple roots. The idea underlying 6) and 

7) is that we want to make 7 equivariant with respect to certain translations. 

Now we really start constructing 7. In degree —1 we put 

7-1(1) = [0] 

Suppose that 7^ has already been defined for m < n, satisfying conditions 1) - 7). 
Let a be any n-dimensional polysimplex whose interior is contained in 

Pi :=P0Ut;3iP0U---Ut/3,P0 

By 1) we have 

d{a - -fd{a)) = (id - dj){da) = jd{da) = 
Together with (12. 3p this implies that the equation 

07(0") = a — 7c?((t) 
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has a sohition 7(0") G C„+i(S). By 3) and 5) we have 

supp (cj - 75((j)) C A{a) nCf if a C Cf 

Since A{a) CiCf is convex, we can pick 7(0") with support in this set. We do this for 
any n-dimensional a S S whose interior is contained in Pi. Now 6) and 7) determine 
7n uniquely on . 

We will show that the other required properties follow from this construction. 
Write = Yli=i ''^iPi ^^'^ — Sti^ "-i A some n[ G N. By 7) we have 

7W/3fe(i/3'(^) - tl3"iT)) = tn^f3^'y{ti3'iT) - t/3"(r)) (2.4) 

We claim that the following stronger version of 7) holds 

Indeed, write a = t^T with r as in 7) and x = Yl^j=i''^jf^j- Then by a repeated 
application of (12. 4p the left hand side of 7') becomes 

ltnkPk{^l3'{txT) - t^r) = i(nfc+mfe)/3fc+mfc+i/3fc+i+-+m,/3,7(*/3' " id)tmi/3i+-+mfc_i/3fe_i (t) 

= tnuPul^x{tp>{T) -t) 

= infeA7(V(^) 
It follows easily from 6) that 

ltm(j,{tm' - tm"f}M)) = tm(5,l{tm' pM) " tfri" pM)) \/m,m' ,m" £ N (2.5) 

There also is a stronger version of 6) : 

6') 7*mft (tft(o-) -cr) = tmf3,7{tpM) - ^) VcT C 

Indeed, in the above notation and by 7') and (12.51) the left hand side equals 

+ i{m+m,)ft(*ft - id)7(imi/3i+-+m,_ift_.i(T-) "t)^ = 

+ *m,ft(ift - id)7(imi/3i+-+m,_ift_i(T) -t)^ = 
im/3i+mi+i/3i+i+-+mr/3r7(*ft " id)imi/3i+-+mift (t") = 

W.7(*ft - id)tx(r) = tmft7(*ft(o-) - c^) 

Now we can see that the relations 6) and 7) are compatible with 1). Assume that 
1) holds for tmft(r). Then by 6') 

{dn+lln + In-ldn) (t)) = 

dn+llnitmP.r) + 9„+ltmft7n (^ft (t) - t) + 7n-li(m+l)ft (t) = 
dn+lln{tmpj) + ^mft ^"+l7n (^ft (t) - t) 

+ 7n-ltmft5„(T) + tmft7n-l(ift(5„T) - 5„r) = 
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Similarly, suppose that tnf.^^{cr) and tp-ri^p^{a) both satisfy 1). It follows from 7') 
that 

(9„+i7„ + 7„_i(9„)(t/3(o-)) = 

dn+l-lnitukPM)) + dn+l{tnA^n{tl3-nupM) " 0"))) + ln~l{tpdn{(T)) = 
dn+llnitukPM)) + tnuPk^n+llnitp-nA^Cr) - a)) 

+ 7n-i(infc/3fe5n(a)) + t„^^/3^7„_i (t/3_„^^^ (5„o-) - 9„(o-))) 

Thus we can construct 7 respecting all conditions, except possibly 3) and 4). The 
parallelogram P2 = 2P0 consists of finitely many polysimplices, so there is a real 
number M such that 

li"^) = X^TraO- with \-ira\ < M 
cr 

for all polysimplices r C ^2- Let us examine the size of the coefficients of 7(i(m+i)/3i ['^)) 
for r with interior in P0. By induction to m we may suppose that 



7(W,(r)) = J;A> with |A-|< 



' = if a A{t^p^{T)) 

< M \i a C P2 

< M \i a <t A{^rn-i)pX^)) 
[ < 3M if (J C A(t(„_i)^^(r)) 



(2.6) 



By construction we have 



tmpnitpM) - t) = ^K'^ with |a;i < 



= if cj ^Z^ A(t(^+i)^^(r)) 

= if 0- tmftC0+ 

< M if a A{tmf3,{T)) 

[ < 2M if C7 C A(i(^+i)^^(r)) 



With 6) this implies that (|2.6p also holds with m + 1 instead of m. 
Let /5 be as above. By induction to k we may assume that 



WA7(i/3-n,/3fe(r) - r) = ^/i^cJ with |^^| 



(2.7) 

where (5' = (3 — (3i with i minimal for nj > 0. In view of 7) the above implies that 








if 


a 











if 


a 




4. ^+ 


< 


M 


if 


a 






< 


2M 


if 


a 


C 






3M 


if 


a 


C 


A{tp{a)) 



7(*/3(t)) = with \ii'^\< 



= if cj ^ A{tp[(T)) 

< M a a C P2 

< M if cj ^ A{tf3>{a)) 
_ < 3M if CT C Altfsia)) 



This in turn implies (j2.7p with k + 1 instead of k. Hence condition 4) is fulfilled, 



with A'L = 3M. 



□ 
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Example. 

In the case Rq = B2 we have /3i = (1, 0) and P2 = (1, !)• We drew the sets P0, Pi 
and P2 below. If x is a vertex of S then j[x] is a path from to x, along the following 
lines: 




2 
1 



































































-2-10 1 2 

We define 

7 [(1/2,0), (1/2, 1/2)] = 

7 [(1,1/2), (1,1)] 

7 [(3/2,1), (3/2, 3/2)] = 

7 [(3/2,0), (3/2, 1/2)] = 
According to 6) 

7 [(5/2,0), (5/2, 1/2)] = 



= [(0,0), (1/2,0), (1/2, 1/2)] 
i{i/2,i/2)^0 = [(1/2, 1/2), (1,1/2), (1,1)] 
t(i,i)A0 = [(1,1), (3/2,1), (3/2, 3/2)] 



1/2 



3/2 



7 [(3/2, 0), (3/2, 1/2)] + t(i,o)7 ([(3/2, 0), (3/2, 1/2)] - [(1/2, 0), (1/2, 1/2)]) 

1/2 /Kry\ J. ( V2 A^Y7\ _ 1/2^ A ^ 1/2 

I 1/2 / 



+ *(i,o) 
3/2 V 



3/2 




Condition 7) says that 
7 [(7/2,1), (7/2, 3/2)] = 

7 [(3/2, 1), (3/2, 3/2)] + t(ia)7 ([(5/2, 0), (5/2, 1/2)] - [(1/2, 0), (1/2, 1/2)] 

1 3/2 \ 




1/2 



'A 



1/2 




2.2 Projective resolutions for afRne Hecke algebras 

For (vr, V) G Mod(?^) and ra G N we consider the ?i-module 

Pn{V):= 'H®'H{Wf,q)®C[Z[W)]y ®cC{f} = 'H®'H{Wf,q)®C[Z{W)]y 
f:dimf=n /:dim/=n 
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where the sum runs over facets of A^. Recall that we already fixed an (arbitrary) 
orientation of all these facets. Write 

f 

and define "H-module homomorphisms 

dn : Pn{V) ^ Pn-l{V) (2.8) 

dn{h OH(Ty;,g)^c[z(T^)] v^cf)= h ®n{Wj,,q)>^z{w) v®c[f ■ f']f 

/':dim f'=n—l 

Furthermore we define 

do : PoiV) ^ V (2.9) 

do{h (^n{w^,q)(^ciz{w)] v(^cx) = TT{h)v 

if X is a vertex of Ag. Now [P^iV), d*) is an augmented differential complex because 
d o d = 0. The group Q acts naturally on this complex by 

i^{h 'S)niWf,q)mziW)] w ® /) = hTj^ «'w(w„(^),g)®C[z{vi/)] 7r(r^)f «) uj{f) 

This action commutes with the 7^-action and with the differentials dn, so (P*(y)^, d^.) 
is again an augmented differential complex. Note that Pn{V) and Pn{V)^ are finitely 
generated 7^-modules if V has finite dimension. 

Theorem 2.2. Consider Ti as a TC-bimodule. 

o^n^ Poinf ^ Pi{nf < ^ Pr{nf ^ o (2.10) 

is a resolution of Ti. by Ti 1~L°^ -modules. Every Pn{7{)^ is projective as a left and 
as a right Ti-module. Moreover if IZ is semisimple then Pn{T~Cf^ is projective as a 
n ® WP-module. 

Proof. This result stems from joint work of Mark Reeder and the first author, 
see |0pd2 Proposition 8.1]. The proof is based on constructions of Kato [Katlj . 

First we consider the case = Z{W) = {e}, W = W^^. There is a linear 
bijection 

cl):C[w] (^cn^n^cn 

(f){w ® h') = T„ T~^h' 
For Si € S'aff we write qi = q[si) and 



(2.11) 



Li := sY>an{hTs^ ® p-^h' - h (E> h' : h, h' e H} C H^cH 

:= {E»6VF^-^:'a;^3, = -x^V«;€T^} C C[W] 

This Li is interesting because 

n ®niWf,q) n={n®cn)/ 



(2.12) 
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Let w £ W he such that l{wsi) > i(w). For any h' £ TC we have 

(^{{wsi-w)^h') = T^s^^T~lh'-T^^T.-^h' = T^Ts^(^T,-^T^^h' -T^^T-^h' G Li 

so (/>(C[VF]j (8) H) C Li. On the other hand, Li is spanned by elements as in (j2.12p 
with h = Tyj OT h = T^s-. 

^-^{T^sjs, ® Tr^^h' - T^s, h') 

(p'^iqiT^, + {qi - l)r^s, T~^h') - wSi ® T^^s.h' = 

QiW (g) Ty,T~^h' + {qi - l)wsi (g) T^s-T'^h' - wsi (g) r^s,/i' = 

qi{w - WSi) ® TyjT'^h' + wsi ® [qiT^T'^ + {qi - l)Tws,T~^ - Tws,)h' = 

{w - WSi) ® TyjqiT'^h' + wSi ® (Tu,{Ts^ + 1- qi) + {qi - l)Tyj - Ty,Ts^)h' = 
{w-wSi)(^T^{T,^ + l-qi)h' G C[W]i®n 

We conclude that (/>~^(Lj) = C[VF]j TL. Now we bring the linear bijections 

C[W] I ^ C[W]^ C[W/Wf] : w wWf (2.13) 

s^eWf 

into play. Under these identifications our differential complex becomes 

o^n< — ^ c[w/Wf]®n(g)C{f} i — ^c[w](^n®c{AQ} 

/:dim f=n 

But this is just the complex (C*(I1),5*) tensored with 7i, so by (j2.3p its homology 
vanishes. This shows that indeed we have a resolution in the special case Q = {e}. 

Now the general case. Since the action of on factors through the finite 
group ^l/Z{W) we can construct a Reynolds operator 

Rn:=[n: Z{W)]-^ J] G Endn^nop {Pn{n)) 

iuen/z{W) 

Since this is an idempotent 

Pn{n)'' = Rn ■ Pn{n) (2.14) 
is a direct summand of Pn{T~L)- We generalize ()2.1ip to a bijection 



cf) : c[w/z{w)] ®cn^n ®c[ziw)] n 

(h(w h') = T-^h' 



(2.15) 



Just as above this leads to bijections 



c[w/{Wfxz{w))]0n®c{f}^Pn{n) 

/:dim f=n 

Since both sides are free r2/Z(VF)-modules we also get a linear bijection 

c[w^^/Wf]®n(S)C{f} ^ Pnin)^ 

/;dim/=n (2.16) 

w h' (® f ^ Rn{T^ (E}'HiWf,q)tg)Clz{W)] Tw^h' /) 
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Now the same argument as in the special case shows that the modules PniJ~L) form 
a resolution of Ti. 

For any facet f 7i is a free H{Wf, q) C[Z(M^)]-module, both from the left and 
from the right. Therefore every P„(7Y) is a projective W-module, from the left and 
from the right. 

For TZ semisimple Pn (Ti) is a direct sum oiTi® H^^-modules of the form 
TL ®-H(Wf,q) For every irreducible representation Vi of H{Wf, q) we pick an idem- 
potent €{ G 7i(Wf, q) which acts as a rank one projection on Vi and as on all other 
irreducible representations. Consider the element e/ = Yli e-i® Ci ^Ti® W^. From 

n (^mwi^g) n={n®c n°p)ef (2.17) 

we see that Pn{T~C) is a projective 7-^-bimodule. By (I2.14p Pn{TC)^ is projective in 
the same senses as Pn{'H) □ 



Corollary 2.3. a) Let V he any 7i-module. 

< — V ^ Po{Vf ^ Pi{Vf < ^ Pr{Vf ^ 

is a resolution ofV. It is hornological ifV is. 

h) If V admits a Z{W)- character x then every Pn{V)^ is a projective TC{Tl,q)^- 
module. 

c) The cohomological dimensions of Mod(H{Tl,q)^() and Modi,or{'H{Tl,q)y^) equal 
r = rk(i?o)- 

Proof, a) Apply ^j-iV to (j2.10p . The resulting differential complex is exact 
because Ti and PniH)^ are projective right 7^- modules. For V € ModboriH) this 
clearly gives a bornological differential complex. It is split exact because every 
contraction of P^{H)^ yields a bounded splitting of P^{V)^ . 

b) From 

-H ®H{Wf,,)mz{W)] ^ = ^(^' 9)x ^H(Wf,,) V ^ Ind;;!^;);^)^ (2.18) 

we see that this a projective 7i(7^, q)^-'niodule. Hence Pn{V) also has this property. 
It follows from (pl^ that 

Pn{Vf = Rn-Pn{V) (2.19) 

is a direct summand of Pn{V). 

c) By a) and b) these cohomological dimensions are at most r. On the other hand, 
we can easily find modules which do not have projective resolutions of length smaller 
than r. Note that 
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where is the r-dimensional subtorus of T consisting of elements t such that 
*lz(VK) ~ ^' -P^'^^ * ^ ^'^'^ consider the paraboHcally induced module 

It = Ind^(Q) = Ind^f '^^^(Q) (2.20) 
With Theorem 11.31 we find 

Ext^(7^,,), (h, It) = E^tX (Q, It) - Ext^^(^^) (q, C^t) = C^* 

(2.21) 

Since this space is not 0, any resolution of It by projective 7^(7^, g);^-modules has 
length at least r. This calculation goes through in the bornological setting if we 
endow all spaces with the fine bornology. □ 



For purposes of homological algebra it would be useful if we could also construct 
projective resolutions for 7^-modules that do not admit a Z(VF)-character. Unfor- 
tunately the authors do not know how to achieve this in general. But we offer an 
alternative that comes quite close. Let 

n{Tz,q) = G X n(n,q) 

be a semisimple affine Hecke algebra as in (jl.3p . Obviously 'H{Tl, q) is a free (left or 
right) 7Y(7^, g)-module with basis {Tg : g £ G}. Moreover for {it,V) G Mod(7^) the 
7^(7^, g)-module 

indJJg'^'Jy = n{n, q) v (2.22) 

is isomorphic as an 7Y-module to ^g^Q^g, where the 7^-module structure on = 
{■Kg , V) is given by 

7rg{h)v = 7r{Tg~'hTg)v (2.23) 

Clearly Vg = V as an 7Y(7?.irQ, g)-module. If V admits a Z(l^)-character x then Vg 
differs only from V in the sense that its Z(l^)-character is gx- 

Applying the construction of Corollary 12.31 a) to H{TZ, q) (dn V as a 7Y(7^, q)- 
module we get a resolution by modules that are projective in Mod(H{TZ, q)) and in 
Mod(7^(7^,g)). In several cases this might be used to find a resolution of (vr, V) by 
projective 7^-modules. 

Proposition 2.4. The cohomological dimensions of Mod(7i) and Modbor(7i) are 
both equal to the rank of X. 

Proof. The cohomological dimension of Mod(7^) is the least number 
(i € {0, 1, 2, • • • , oo} such that 

Ext^(C/, F) = V [/, F G Mod(7i) , Vn > d 

Let t € T and consider the module It = Ind2(Ct). In view of Theorem 11.31 

Ext;J(^)(/i,/i) - Ext5(^)(Q,/t) - Ext2(?/(Q, C^t) = C^t 

wGWq w€Wo:wt=t 
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Therefore d > rk{X). This argument also works in ModboriT~(-), provided that we 
endow all spaces with the fine homology. 

On the other hand, let U,V £ Mod(7^) be arbitrary and consider the T~l{TZ, q)- 

modules Ind^^^'^\u) and lnd^'^'^'^\v). 

ExtUU,V) C e^,^Ext%(C/,K;) - Ext?,(C/,Ind;;(^'^')(F))- 

Assume n > rk(X). According to Corollary I2.3l c) the cohomological dimension of 
Mod(H(:^,g)) is rk(X), so right hand side of l^k^ is 0. Hence Ext^{U,V) = 
and we conclude that d < rk(X). The same reasoning shows that the cohomological 
dimension of ModborCH) is rk{X). □ 

Recall that a resolution {P^,d^) of a module V is of finite type if all the modules P„ 
are finitely generated, and moreover P„ = for all n larger then some number. 

Corollary 2.5. Let V be a finitely generated Ti-module. Then V admits a finite 
type projective resolution. 

Proof. Because Ti is Noetherian, every submodule of a finitely generated 7i- 
module is itself finitely generated. 

By assumption there exist a surjective 7Y-module map do : TiJ^^ — > V , for some 
mo G N. Then ker do is again finitely generated, so we can find a surjection di : 
-^mi _^ ker do. Continuing this process we construct a resolution (P„ = dn) of 
y, consisting of free W-modules of finite rank. Because the global dimension of 7i 
is rk(X), the module ker d„ must be projective Vn > rk(X) — 1 [CaEH Proposition 
VI.2.1]. Hence 

^ y 4^ Po A . . . ^ P„_ 1 ^ ker 1 ^ 
is a finite type projective resolution of V. □ 



2.3 Projective resolutions for Schwartz algebras 

We will show that all the resolutions from the previous section can be induced from 
Ti to S. Most importantly, we will construct a projective bimodule resolution of S. 
This requires that we complete the TY-modules to Frechet 5-modules. A convenient 
technique to achieve this in great generality is with completed bornological tensor 
products, and this is the viewpoint we chose to take in this section. However, for 
finite dimensional tempered modules it is not necessary to use homologies. See the 
remark after Corollary 12.71 

Let V G Mod{,or(5). According to |Mey2 Theorem 42] we have 



S{Z{W))®c[z{w)]V = S{Z{W))^s{z{w))V (2.25) 
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If V has finite dimension, then ()2.25p also holds with algebraic tensor products. The 
reader is invited to check this, by reduction to the case where V admits a unique 
Z{W) -character . 

Because W is a free 7i{Wf,q) C[Z(M^)]-module, both algebraically and with 
the fine homology, we have 

'H<^'H{Wf,q)®C[Z{W)]^ = ^ '^H{Wf,q)®C[Z{W)] V (2.26) 

So if we induce PniV) from 7i to 5 in the bornological fashion we get the module 
P^(y) := S^nPniV) = S0n n0n(Wf,q)mz(w)]y ®cC{f} 

f :dim f=n , . 

(2.27) 

/:dim f=n 

The maps dn '■ Pn{V) Pn~i{y) extend naturally to 

d^p*(y)^p*_i(y) 

The action of on PniV) also extends to P^{V), so we can construct P^{V)^. By 
(!2T4]1 

P^,iVf = Rn-P^,iV) (2.28) 

is a direct summand of P^{V). Clearly P^iV) and P^{V)^ are finitely generated 
5-modules if V has finite dimension. 

We consider the important case V = S. The topology and the homology on S 
give rise to a topology and a homology on P^(5). For n, m, /c S N , / C we have 
the continuous seminorms 

Pm,k,.f ■ <S^H{Wf,q)®S{Z{W))S ®C C{/} [0,00) 

Pm,kj{y) = inf [^^Pm{hi)pk{h'i) - ^hi^hi® f = y^ 

i i 

which define a Frechet topology on this space. The topology on Pn{S) is defined 
by the norms Pm,k '■= Y^fPm,kj- We endow these modules with the precompact 
homology. We note that d^^ is continuous and bounded and that PniS) is dense in 

In view of (j2.17p we have 



P'n{sf= sinFo,q)^niWf,q)S{n,q)^ (^s{nFo,q)^cS{n,qr 

f:dimf=n f:dimf=n 



Using Lemma [T3] and Theorem 11.61 both for SiTZpo^Q) aiid for S(JZ,q) we see that 
there is a number Cm,kj > such that 

Cipn,+b,k+b[ErneW-«,w'&W hw,w'(.N^ ^ KYf < ^^'^^^ 

Cm,k,fPm+2b,k+2b,f{ Y^wSW^'^ Y2w'£W 
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Theorem 2.6. Consider S as a S-himodule. 

0^5^ P'aiSf ^ Pi{Sf < ^ P',{Sf ^ (2.30) 

is a S(§)S°^ -module resolution of S, with a continuous hounded contraction. Every 
Pn{S) is a bornologically projective S -module, both from the left and from the right. 
Moreover ifTZ is semisimple then P^^S) is also projective as a S®S°^ -module. 

Proof. To show that the differential complex (P*(5)^,(i*) is contractible we 
use Proposition 12.11 and Theorem 12.21 The composition of (|2.16p with (j2.2p is the 
bijection 

(A:a(S) ®cS^P,{S)^ 

(t){a (g) h') = Rn{Tui (E>H{Wf,q)(^c[z{w)] T~^h' ® /) 
where a = wf with w G W'^^ . Let 7 be as in Proposition 12. 1[ We claim that 

7 := ^(7 id^)^"-^ 

extends continuously to the required contraction. Suppose that w' ^W, w ^ W^^ fl 
w'Q. and a = vu'f = wf. Then we have explicitly 

4){RniNw'<S'n{Wf,q)(^c[z{w)] 

h'®f)) = ^{-i{<j)®N^h') = 4>[Y.^-^^^^^^') (^-^l) 

T 

By Lemma 11.21 and condition 3) of Proposition 12.11 the coefficient jar can only be 
nonzero if there exist u <a w and a facet /' of ^0 such that r = uf. This crucial 
for the following estimates. For every relevant r we pick such a u £ W^^ and we 
write (a little sloppily) 7uim = 7o-t- 

Then (fOTT) equals 

(p{j2f'J2ueW-«:u<AW^wuiuf')(gN^h'^ 

N-^N^h'®f') = (2.32) 

Notice that we used u <a w in the last step. Every element of P*(5)^ can be 
written as a finite sum (over facets /) of elements of the form 

Rny = Rn ^ ^ h^^^/N^ ^n{Wf,,q)»s{z{w)) ^w' ® / 
with (hy^ yjf) € S{W^^ X W). According to the above calculation 

7(i?ny) = iinE E E 

^'H(Wfi,q)«>S(Z{W)) ^u-'^w^w' ® f 

f w'eW u,w£W'^^:u<AW 
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Using (in this order) condition 4) of Proposition 12.11 Theorem 11.61 Lemma 11.11 and 
(|2.29p we estimate 

^7 E E IV-'l(A/'M + irC'</(A/'M + l)'+'(A/'K) + l)'+' < 

M^CqCk+m+2b,k+bjPk+m+3b,k+2b{y) 

Since Rq is a continuous operator on -P^(5) it follows that 7 is weh-defined and con- 
tinuous on P*(5)^. Since -P^(<S) carries the precompact homology 7 is automatically 
bounded. Moreover 

so condition 1) of Proposition [2?T] assures that 

^d* + d*^= id (2.33) 

on P^,{S)^. Because P*(5)^ is dense in P*(5)^ and the maps in (|2.33p are con- 
tinuous, this relation holds on the whole of P*(5)^. So the differential complex 
(P*(5)^,d*) indeed has a bounded contraction. 

For any facet / the space <S is a bornologically free 7^(W/, g) (8'5(^(VF))-module. 
Hence -P^(5) is a bornologically projective 5- module, both from the left and from 
the right. If IZ is semisimple then by (|2.17p Pn^Y) is direct sum of bimodules of the 
form {SiS>S°P)ef. Hence Pn{V) is 5(8)5°P-projective. 

By (I2.28P P*(5)^ enjoys the same projectivity properties. □ 

Corollary 2.7. a) Let V be any bornological S-module. 

^ y A p*(y)^ plivf < ^ p^ivf ^ 

is a bornological resolution of V. 

b) If V admits the Z{W)- character x then every module P^{V)^ is projective in 

Modbor{S{n,q)^). 

c) If moreover V has finite dimension then P^{V)^ is also projective in Mod (5(7^, g)^^.) . 

Proof, a) Apply ®sV to (|2.30p and use the projectivity of P^{S)^ as a right 
<S-module. 

b) Prom Corollary I2.3[ bl we know that Pn{V)^ is projective in Modbor{'H{Tl, q) y^) 
so 



30 



is projective in Modbor{'S{'R',q)x)- 
c) For any facet / 

S^H{Wf,q)(iSS{Z{W))y = S{n, q)x^H{Wf,q)y = S{TZ, q)x ®H{W;,q) y = IndJ^(^jJ^)y 

is a projective 5(7^, g);^-module. In view of ()2.28p this imphes that Pn{y) and 
P^{V)^ are also projective in Mo(i[S{TZ,q)y). □ 

Remark. 

If y is a finite dimensional tempered module with Z(VF)-character x then the proof 
of Corollarv 12 ■ 71 does not rely on the properties of homology. Indeed, in this situation 
we may simply use the algebraic tensor product in the definition of since the 

algebraic tensor product is already complete as a locally convex vector space. The 
continuity proof of the contraction is analogous to and in fact somewhat simpler 
than the above proof for the case V = S. Hence the algebraic tensor product of the 
resolution of Corollary 2.3 a) by S{R,q)x yields the resolution of Corollarv 12. 7[ a). 



2.4 Isocohomological inclusions 

We will show that the inclusion 7^ ^ 5 is isocohomological. As an intermediate step 
we do the same for algebras and modules corresponding to a fixed Z(H^)-character. 

Similar results for Schwartz algebras of reductive p-adic groups were proven by 
Meyer |Mey3 Theorems 21, 27 and 29] with highly sophisticated techniques. Maybe 



our bounded contraction from Section [2.11 can be used to simplify these proofs. 
Theorem 2.8. Let x be a unitary Z(W)- character. 

a) The inclusion TC(TZ,q)x — S{lZ,q)x is isocohomological. 

b) The cohomological dimension of Modbor [<S{TZ, q)^) equals r = rk(i?o)- 

Proof, a) From ([238|) and it follows that 

Pn{n{n,q)x) = e n{n,q)x^n(Wf,q)nT^,q)x^cC{f} 

/;dim f=n 

Pi{s{n,q)x) = 5(7^,g)^g„(H/,,,)5(7^,(?);,0cC{/} 

/:dim f=n 

Exactly as in the proof of Theorem 12.21 we can see that these are projective as 
bornological bimodules for Ti{lZ,q)x respectively S{TZ,q)x- In view of (|2.14p and 
(fM]) the same holds for P„(W(7e, g)^)^ and Pi{S(TZ, q)^)^. Combined with Corol- 
laries ETSla) and l2.7i al this yields condition 1) of Theorem I A. 1[ 
b) By Corollary 12.71 the cohomological dimension of Modf,or (5(7^, g);^) is at most 
rk(i?o)- If t € T is unitary then by [Qpdl Proposition 4.19] the module It from 



r 



(j2.20p is tempered. Together with (j2.2ip this gives 

Ext5j(^,,)J/t,/*) = Ext^(^_^)J/i,/i) / 
Hence this cohomological dimension is at least r. □ 
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Theorem 2.9. a) The inclusion 7i ^ S is isocohomological. 
b) The cohomological dimension o/Modftor(5) equals the rank of X. 
Proof, a) Let {TZ,q) be as in ()1.3p . Recall that 

n{-R,q) = GKH{n,q) 
S{n,q) ^ GP<S{n,q) 

We know from Theorem 12.81 a) that the inclusion 'H{TZ,q) S{TZ,q) is isocohomo- 
logical. Therefore we can use an argument from the proof of |Mey2[ Theorem 58]. 
The functor 

Mod(S) ^ Mod(G kB) : V ^ lnd%'^^{V) = {GkB)(^bV (2.34) 
is exact for any G-algebra B. Hence in Derf,or(G x S) we have 

(5x5 ^ (G X 5)g^^5(G X 5) 
- (G X 5)g^,„(G X 5) 

^ (G X 5)g^^„G X 7^§^5 (2.35) 
^ Indf ^-5(50^5) 

We want to show that this implies condition 2) of Theorem lA.ll for the inclusion 
Ti ^ S. However we have to be a little careful, as the functor (j2.34p is not injective 
on objects. Namely, 7^-modules like V and Vg in (I2.23[) . which are conjugate by an 
element of G, have the same image under (|2.34p . It follows from (j2.35p that 

C[G]0eTor^(5,5)-{ f "'^ (2.36) 

Obviously the multiplication map 

Tox^{S,S) ^ S®hS S 
is surjective. In view of (|2.36p it must also be injective, and therefore 

Tor^(5,5)-| ^ ^! " = ° 
" ^ ^ if n > 

Let 

^ 5 ^ Po ^ A < (2.37) 

be a bornological resolution of S by projective 7^-modules. We already know that 
the homology of (I2.37P vanishes in all degrees. Moreover Ind^''^(P*) IS a reso- 
lution of G K 7i. Theorems 12.81 a) and lA.ll assure that the differential complex 
Ind^^^(5®Hn) is a bornological resolution of G x 5. In particular it admits a 
bounded C-linear contraction. Hence S<S)-hP* ^-Iso admits a bounded contraction, 
i.e. it is an exact sequence in M.odbori<S)- This shows that the natural map 

S§)^S S§)sS (2.38) 
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is an isomorphism. We conclude that 7i ^ S is indeed isocohomological. 

b) In view of part a) and Proposition 12.41 the cohomological dimension of M.odhor{S) 

is at most rk(X). If t E T is unitary then by |Opdl Proposition 4.19] the module 



It from (j2.20p is tempered. From a) and the proof of Proposition 12.41 we see that 

E^tp''\lt,It) = Ext;J(^)(/t,/t) / 
Hence this cohomological dimension is at least rk(X). □ 
Remark. 

In the same way one can show that the cohomological dimension of the category 
Modirr(;(5) of continuous Frechet 5-modules is the rank oi X. To make this a 
meaningful statement we make this into an exact category as follows. 

All morphisms are required to be continuous and <8> is the completed projective 
tensor product. Only extensions and resolutions that admit a continuous C-linear 
splitting are called exact. This category has enough projective objects and has 
countable projective limits. However it does neither have enough injective objects 
nor inductive limits. 
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Chapter 3 



The Euler-Poincare 
characteristic 

3.1 Elliptic representation theory 

Elliptic representation theory is a general notion that can be developed for many 
groups and algebras [Ait\ \Kaz\ \Ree\ IScSti IWalj . The idea is that one considers all 
virtual representations of an algebra, modulo those that are induced from certain 
specified subalgebras. This should yield interesting equivalence classes of represen- 
tations if the subalgebras are chosen cleverly. 

For example in a reductive p-adic group one can consider the collection of proper 
parabolic subgroups. The resulting space of representations contains among others 
all square integrable representation. It can be studied by means of certain integrals 
over the regular elliptic conjugacy classes, cf. \Kaz\ lBez| IScS t] . 

In the context of the elliptic representation theory for Iwahori-spherical repre- 
sentations of a p-adic Chevalley group Reeder [Ree] was led to the general definition 
of elliptic representation theory for a finite group relative to a given representation. 
Let (p, E) be a real representation of a finite group T. We define an elliptic pairing 
on Mod/i„(r) by 

oo 

er{U,V) := ^(-l)"dimHomr(?7(» A"'^>'^^) (3-1) 

n=0 

We call an element 7 S T elliptic (with respect to E) if E^'^'^^ = 0. Since this property 
is preserved under conjugation, we can use the same terminology for conjugacy 
classes. Let £ be the set of subgroups H CT such that EP^"^ ^ 0. The space of 
elliptic trace functions on T is defined as 

EU(T) := Gc(T) j J] Ind^ (Gc(i/)) (3.2) 

Theorem 3.1. a) The dimension of Ell (T) equals the number of elliptic conjugacy 
classes ofT. 

b) er induces a Hermitian inner product on Ell(T). 
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c) For all x, x' ^ G'c(r) we have 



er(x,x') 
Proof. See [Reil §2]. □ 

Assume now that X is a lattice in E (so E = X (8)z 1^) which is stable under the 
action of F. We will show that Theorem 13. II can be generalized to the group T k X. 
Of course affine Weyl groups are important examples of such groups. 

In what follows expression like 7X always should be interpreted as the product 
in r >< X. If we want to make 7 act on x then we write p{'~f)x. We extend this to an 
action of F ix X on X by 

p{yi)x = y + p{j)x 

Let t gT = IIom2(X, C^). It is known from [Clij that there is a natural bijection 
between irreducible representations of = {7 G F : t o ^(7) = t} and irreducible 
representations of F k X with central character Tt S T/F. It is given explicitly by 

Indt : V ^ Ind^S^14 (3.3) 

where Vt means that we regard F as a X-representation with character t. 

We call an element 7a; € F >< X elliptic if it has an isolated fixpoint in E. It is 
easily seen that this is the case if and only if 7 € F is elliptic. We have 

X y7 [—x) = {x — p(j)x) y7 G F IX X 

so all elements of [y + (id^; — p(7))X)7 are conjugate in F x X. If 7 is elliptic then 
the lattice (id^; — p(7))X is of finite index in X. Consequently there are only finitely 
many elliptic conjugacy classes in F x X. 

Let U and V he.T k X modules of finite length, i.e. finite dimensional. We define 
the Euler-Poincare characteristic 

00 

EPr^xiU, V) = ^(-1)" dimExtp^;,(C/, V) (3.4) 

n=Q 

This kind of pairing stems from Schneider and Stuhler [ScStl §111.4], who studied it 
for reductive p-adic groups. The space of elliptic trace functions on F k X is 

Ell{r K X) := Gc(F X X)/ ^ Ind^^^^ (Gc(i/ k X)) (3.5) 

For every i € T we consider the elliptic representation theory of F^ with respect 
to the cotangent space to T at t. We note that Indt induces a map Ell{Tt) — >■ 
Ell{r x X). Let Hell denote the set of elliptic elements in a group H, and let 
be the equivalence relation "conjugate by an element of H" . 

Theorem 3.2. a) The dimension of Ell {T x X) equals the number of elliptic con- 
jugacy classes o/F k X. 



= E "'""'frr''" ^^''^' 
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b) EPykX induces a Hermitian inner product on Ell(T k X). 

c) The map Indf : Ell{Tt) Ell{T x X) induced by (j3.3p is an isometry: 

^PrKx(IndtC/,IndiF) = er,(C/,F) 
for all finite dimensional Tf-representations and U and V. 

d) The map ^^^j^^j^lndt ■ ^^^j^^j^ Ell{Tt) Ell{T k X) is an isomorphism. 
Proof. For U, V and t as above we have by Frobenius reciprocity 

Ext?^^(Indt[/,Indty) - E^t^^^x{Ut,ln4'^^x^t) (3.6) 

Because two Tt x ^-representations with different central characters admit only 
trivial extensions, (j3.6p is isomorphic to Ext^^^-^{Ut, Vt). Inside the group algebra 

A := C[X] ^ 0{T) 

we have the ideal of functions vanishing at t G T: 

It := {/ G ^ : fit) = 0} 

Let us denote the completion of A with respect to the powers of this ideal by At. 
Clearly 

{Tt K At) ^Ft^x Ut = Ut 
as Tt X X-modules. Completing is an exact functor so (j3.6p becomes 

^^ic[r,.x]{Ut,Vt) = E^t^^^^^{Ut,Vt) (3.7) 

Because the F^-module 1^ has finite codimension in A there exists a Ff-module 
Et C A such that 

A = C®Etelt (3.8) 

As a r^-module Et is the cotangent space to T at t. Since At is a local ring we have 
AtEt = Ath by Nakayama's Lemma. Any finite dimensional F^-module is projective 
so 

U ^ fx"" Et (S) At = Ind^l ""^^ {U A" Et) 

is a projective F^ x ^^-module, for all n G N. With these modules we construct a 
resolution of Ut- Define F^ x ^^-module maps 

(5„ : [7® A"^t A ^ U ® ^""-^ Et ® At 

n 

(5„ (u ei A • • • A e„ (g> /) = Yl (-1)*""^^* (g) ei A • • • A e,;_i A Cj+i A • • • A ej„ Cj/ 

i=l 

6o:U<E)At Ut 
6o{u0f) = f{t)u 

This makes 

{U(g)f\*Et^At,5^) (3.9) 
36 



into an augmented differential complex. Notice that in Mod(^() this just the Koszul 
resolution of 

Ut(^At/ltAt = Ut 
So p.9p is the required projective resolution of Ut and 

oo 

EPr^x{lndtU,lndtV) = ^{-IT dimExt'^^^_^^{Ut,Vt) 

n=0 

r 

= Y^i-ir dimF" (Homp^^_4^ {U (^f\*Et(^At, , Hom(5„ idyj) 

n=0 
r 

= ^(-1)" dimHomp^^_4^ {U ^ Et ^ At, Vt) 

n=0 

r 

= dimRomr,{U fx"" Et,V) = erAU,V) 

n=0 

This proves c). According to Theorem 13.11 er^ induces an inner product on Ell{Tt) 
and by definition lndt{EU{Tt)) C EU{T x X) is precisely of the span of the T x X- 
modules with central character Tt. Two T x X-representations with different Z(r k 
^)-characters are orthogonal for EPr^x, so b) and d) follow. 

Now let us count the elliptic conjugacy classes in F x X. Two sets 
(x + (ids — /o(7))X)7 and {y + (ide — p{'y))X)^ are conjugate if and only if there is 
a If € Zri'y) such that p{w)x — y G (id^; — p{'y)X). As F-sets we have 
TT = Hom(X/(idij - /)(7))X,C^). Therefore 

#((F X XU/ ~rxx ) = - l)X)/Zr{7)) 

= Yl *{TVZt{i)) 

7Sre!i/~r 

= #{{{!, t):^(^T,iuteT<}/Zr{i)) 
= #({(7,t) :tGT,7GFt,ei«}/^r(7)) 

= E #(rW-^r,) 

teT/T 

= Y dimEW(Ft) 

tGT/r 

= dimE/;(F K X) 
where we let F act on T^u x T by • (7, t) = {w^w^'^ ,wt). □ 

From the above proof we see that part c) of Theorem 13.21 remains valid in the 
following more general settings: 

• r is a nonsingular complex affine variety, A = 0{T) and F acts on T by 
algebraic automorphisms 

• r is a smooth manifold, A = C°°{T) and F acts on T by diffeomorphisms. 
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3.2 The elliptic measure 



It is shown in [ScStl Theorem III.4.21] and [Bezl Theorem 0.20] that the Euler- 
Poincare characteristic for semisimple p-adic groups agrees with the eUiptic integral 
introduced in [Kaz, p. 5]. 

For the group T t< X this relation can be made even more explicit. We endow it 
with the (T-algebra £ generated by the sets 

:= {xw{-x) -.xeX} w eT \kX (3.10) 

Let xv denote the character of a representation V. 

Theorem 3.3. a) There exists a unique conjugation-invariant "elliptic" measure 
fieii on (r x X, C) such that 

EPr^xiU,V)= [ xUXvdfieii Vt/, F G Mod/,„(r k X) 
Jrt<x 

b) The support of ^jl^u is the set of elliptic elements 

c) Let e ^ E he an isolated fixpoint of an elliptic element c G TxX and letC C TxX 

he the conjugacy class of c. Then 

|r|-i 

#{w G C : p{w)e = e} 
#{w G r X X : p{w)e = e} 

oo „ 

E(-irdim(A"i^)'^ 

n=0 

Proof. Suppose we have a trace function / G Gc(T x X) such that f{w) = \/w G 
(r X X)eii- Write / = "^i^x/r ^^^tft- This is a finite sum because Gc{T x X) is built 
from finite dimensional representations. If 7 G Tt^eii then we have f{x^) = Vx G X, 
so [r:rt]/j(7) =Indt(/t)(7) =0. 

Hence by Theorem Ob) [ft] = G Ell{Tt). By Theorem Od) [/] = G 
Ell(T X X). Now parts and a) and b) follow automatically, since there are only 
finitely many elliptic conjugacy classes in F x X and every conjugacy class contains 
only finitely many L^^s. 

To find the explicit form of peii we consider a possibly different measure fi on 
F X X defined by p-iLc) := |F|~^, for any elliptic element c G F x X. We will show 
that /i satisfies the properties attributed to f^eii- It will follow from the just proven 
uniqueness that fi = fieii- 

Let U and V be irreducible F x X-representations with central characters Ft 
and Tt' respectively. By ()3.3p there are characters x of Ft and xt' of Tf such that 
Xu = Iiidtx Slid Xv = Iiidtx'- Extend x x' to functions on F by making them 
zero on F \ Ft and on F \ F^' respectively. For 7 G T^u we have 

Xu{x7)= Yl t{p{hr'x)x{h-^7h) 
her/Ft 



Peu{Lc) = 
fJ'elliC) = 

HelliT X X) = 
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This can only be nonzero if ^7^) 7^ 0) which forces h ^jh to be an elhptic 
element of r^. Therefore 

/ XuXvdfi = 
JrtKX 

if either Ell(rt) = or ElliVti) = 0, which is in agreement with Theorem 13.11 b). 

Hence we assume that Tt and F^/ do contain elliptic elements. This forces all 
elements of r{t, t'} to have finite order in the group T. Now 

X' := fl kert"n f| (i^e - p^X 

t"eV{t,t'} -ydTM 

is a lattice of finite index in X and the map 

X/X' ^ C : X ^ t{p{hy^x)x{h~^lh) 
is well defined for all /i, 7 G F. For a fixed 7 G Fg^; we have 

[{\dE-p{l))X : X'] Xu{xj)xv{xj) = Yl Xu{x'y)xv{x"f) 

xeX/{idE-p{-y))X xex/x' 

= E E E t{p{h)-^x)x{h~^ih) t'{pig)-'x)x'{g-'^g) 
her/Ft c/er/rj, x€X/x' 

By the orthogonality relations for characters of the group X/X' the only nonzero 
contributions to this sum come from pairs {g, h) for which h{t) = g{t'). In particular 

XUXvdl^ = 

rixx 

if Tt 7^ Ft'. This leaves the case t = t'. From (j3.1ip we see that 



V W^^Yvfx-Y) - V V ^(pW '^)x{h ^lh)t{p{g) x)x{g 7g) 

xu{x-f)xv{x-f) \{\d.F - p(-i\]X ■ X'\ 

t{p{h)-^x)x{h-^t{p{h)-^x)x'{h-^lh) 

^ ^ [{idE- p{n))x ■ X'] 

= [X:{\dE-pmX] Y Xih-^lh)x'{h'^lh) 

Now we can compute 



^ Xu{xi)xv{xi) 

xuxvdp =2^ 2^ i^Tj 

7er^„ ' ' her/Ft 

^ det (idj; - p(7)) .-^ s 

2^ [r : FtJx(7)x (7) 

r det (id 



76rt 
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Thus indeed = fieii- 

Let e, c and C be as above. To determine fieii{C) we must count the number 
of sets Lw that are contained in C. Consider the map 

^e-C^ E/X 

il^eiwcw^^) = p{w)e + X 
It is easily seen that ipe is weh-defined and that 

ipeixwcw'^ {—x)) = tpeiwcw"^) Vx G X, i(; G P x X 
The image of tpe is p{T x X)e/X and 

il)~^{p{w)e + X) = {xwvcv^'^w^^{—x) : x € X, w S F x X, p{v)e = e] 
The number of L^s contained in tlj~^{p{w)e + X) is 

i^{vcv~^ : w e r K X, p{v)e = e} = #{v G C : p{v)e = e} 

Consequently 

|r| #{v£C: p{v)e = e} 



nc = \p{T X X)e/X| #{f G C : p{v)e = e} 

Pell{C) 



#{w G r X X : p{w)e = e} 

nc #{v G C : p{v)e = e} 



|r| G r X X : p{w)e = e} 

Finally, using Theorem I3.2l c) we compute 

Peu{T X X) = £;Prixx(trivrKX,trivrKx) 

= SPrxJs:(lndi(trivr),Indi(trivr)) 
= er (trivr, trivr) 

oo 

= J]](-l)"dimHomr(A"^,trivr) 

n=0 
oo 

= ^(-irdim(A"i?)'^ □ 



n=0 



3.3 Example: the Weyl group of type B2 

Let Rq be the root system B2 in E = M?, with positive roots 

"1 = (1, -1), 02 = (0, 1), 03(1, 0), 04 = (1, 1) 

Denote the rotation of E over an angle 6 by pg and the reflection corresponding 
Oi by Si. Then 

Wo = {e, Si, S2, S3, Si, p„/2, Ptt, P-tt/2} 
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is isomorphic to the dihedral group D4. This group has four irreducible representa- 
tions of dimension one, defined by 



vr 


7r(si) 


7r(s2) 


eo 


1 


1 


ei 


-1 


1 


£2 


1 


-1 


£3 


-1 


-1 



(3.12) 



The one remaining irreducible representation is just E. 

The elliptic conjugacy classes in Wq are {pn} and {Ptt/2t P-tt/2}- 



Ind{^;;(Gc{e}) 
Ind{f»^^(Gc{e,si}) 
lndZl^{Gc{e,S2}) 



c{eo e ei e £2 e es e s e 
c{eo e 62 e , ei e es e £;} 

C{eo e ei e , £2 e es e 



We see that Ell{W()) has dimension two and is spanned for example by [eo] and [ei] 
With Theorem 13. li e) we can easily write down a complete table for ewo ■ 



ewo 


eo 


ei 


£2 


£3 


E 


eo 


1 








1 


-1 


ei 





1 


1 





-1 


£2 





1 


1 





-1 


£3 


1 








1 


-1 


E 


-1 


-1 


-1 


-1 


2 



(3.13) 



Since is a fundamental domain for the action of W on E, every point of E that 
is fixed by an elliptic element of W must be in the VF-orbit of some vertex of the 
fundamental alcove ^0. This leads to the following list of elliptic conjugacy classes: 

vertex conjugacy class elliptic measure 



e = c(e) 


[c] 


Pelliic]) 


(0,0) 


[Pn] 


1/8 


(0,0) 


[p7r/2] 


1/4 


(1/2,1/2) 


[*(l,l)P7r] 


1/8 


(1/2,1/2) 


[*{l,0)/57r/2] 


1/4 


(1/2,0) 


[t (1,0) Pn] 


1/4 



(3.14) 



In particular dim Ell{W) 
For t S T we write t - 
an elliptic element of Wq- 



(t(l,0),t(0, 1)). The following points of T are fixed by 



(1,1) is fixed by all w £ VFq- Thus we get a two dimensional subspace 
Ind(i,i)(M/(Wo)) oiElli^). 

(—1,-1) is also fixed by the whole group W^. This gives another two dimen- 
sional subspace Ind(_i _i) (ii^//(Wo)) C ElliyV). 
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• (—1, 1) has isotropy group V4 = {e, S2, S3, Ptt} C Wq. The only elhptic element 
is so dim Ell{V4) = 1. 

• (1,-1) also has isotropy group V4. But (—1,1) and (1,-1) are in the same 
Wo-orbit so Ind(i _i) (ii^//(V4)) = Ind(_i 1) (£'/Z(V4)) . This one dimensional 
subspace of Ell{W) is spanned for example by the two dimensional represen- 
tation Ind(i _i) (trivt4) . 

Now we have three subspaces of Ell{W) that are mutually orthogonal for EPw and 
whose dimensions add up to 5. Since this is exactly the number of elliptic conjugacy 
classes in W, we found all of Ell{W). 



3.4 The Euler-Poincare characteristic 

Following Schneider and Stuhler [ScStl §111.4] we introduce an Euler-Poincare char- 
acteristic for affine Hecke algebras. For finite dimensional 7^- modules U and V we 
define 

00 

EPniU, V) = ^{-ir dimExt^([/, V) (3.15) 

n=0 

By Proposition 12.41 the sum is actually finite, so this is well-defined. With standard 
homological algebra (see for instance |CaEi] ) one can show that this extends to a 
bilinear pairing on G{H). Reeder [Reej studied this pairing for affine Hecke algebras 
with equal parameters, via p-adic groups. 

Proposition 3.4. a) Let I C Fq be a proper subset of simple roots and let 
V € Mod fin{n{n\q^)). Then 

EPn{U,lndZ{Tl',q')^) =0 Modfinin) 

b) If the root datum IZ is not semisimple then EPj^ = 0. 

Proof. This result is the translation of [ScStl Lemma III.4.18.ii] to afhne Hecke 
algebras. The proof is similar and based on an argument due to Kazhdan. 

We may assume that (vr,y) is irreducible with Z(7i(7?.^, g^))-character Wjt G 
T/Wj. If Wot is not an Z(?^)-weight of U then Ext^ (f7, Ind^^^j^^j^y) = 0, so 

certainly £;P^(C/, Ind^^^, ^.^y) = 0. Therefore we may also assume that U is 

irreducible with Z(7^)-character Wot E T/Wq. Recall the group G from (jl.4p and 
abbreviate _ 

mt = i^{ge_^G:gWot = Wot} 

Let be a set of representatives for the action of Wo{7l) on the facets of the 
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fundamental alcove for IZ. From ()2.23p and Corollary 12.31 a) we deduce that 

E(-l)"dimExt^(~.^(f/,Ind«;j;^),)y) (3.16) 



n=0 
rk(X) 

= (-l)"dimi/"( Hom^(^_^-)([/®e^Jnd;j[Jf),jy),Hom(4,id) 
MX) 

= E dimHom^(^^^-)(C/^e^,Ind;;gf^,)y) 

rt=0 f&Tn 

Because V is irreducible there exist a 7i{TZi, 5/)-representation (vri, V) and a 
^(1^ (7^^)) -character ti such that 

(7r,F) = (7rio</.,^,y) 

with (t)t^ as in ([LBD. Note that Z{W{n^)) = {l"^)-^ n X / because I ^ Fq. Let t2 
be an arbitrary Z(Vl^(7^^)) -character and consider the integer 

dim Rom^^^ j -^ {U^ej, Ind^^^f (vri o (/f^^ , V)) 

According to Lemma 11.41 TCiTZ, f, q) is a finite dimensional semisimple algebra. 
Therefore the above integer is invariant under continuous deformations of and 
hence independent of t2- Pick t2 such that the central character of 

Ind^g;^],)(^i o (l)t^,V) is not WQ{n)t G T/Wo{n). Then 
= mtEPn [U, Ind^| J'^,) (^ri o c/.^, , V)) 

rk(X) 

= E dimHom^(^_^-)(C/^6^Jnd;;gf^,)(vrio<^,,,F)) 

n=0 /e.:F„ ^2 j^^-) 

rk(X) 

= E(-l)" E dimHom^(^_^-)(C/06^,Ind;jg;^),^(vrio<^,^,F)) 

n=0 /eJ^n 

= mtEP„(C/,Ind^(^,,^,)(7r,y)) 

To prove b) we suppose that IZ is not semisimple and that [/', V' G Mod/j„(7Y). We 
have to show that 

EPn{U',V') = 

We may assume that U' and V admit the same central character Wot. From the 
proof of part a) we see that 

mt EPniU', V) = EP^^^^^^ (Ind^(^'^')t/', Ind^^^'^'V') = □ 
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We can use the scaling maps 

a, : Mod fin{n{n,q)) ^ Mod fin{n{n,q')) 
from Theorem 11.71 to relate EP-}^ to EPyy. 

Theorem 3.5. a) The pairing EPfi is symmetric and positive semidefinite. 

b) IfU,V e Mod fin{n) then 

EPniU,V) = EPn^T^^^.){a,{U),a,{V)) Ve € [-1,1] 

Proof. In view of Proposition I3.4[ b) we may assume that TZ is semisimple. For 
every e € [—1,1] Theorem 11.71 gives us the 7^(7^, g'^)-representations 

a,{p, U) = (p„ U) and a,(7r, V) = {tt,, V). 

As a vector space HiTZ, f, g*^) is just C[W/ x J^/]. As an algebra it is semisimple and 
the multiplication varies continuously with e, so by Tits' deformation lemma it is 
independent of e. Furthermore for any w G Wf xi Oj- the maps 

e Pe{Nw) and e vre(iV^) 

are continuous. In view of (j3.16|) this implies that 

EPnin,,^){ae{U),a,{V)) 

depends continuously on e. But this expression is integer valued, so it is actually 
independent of e. In particular 

EPn{U,V) = EPw{ao{U),ao{V)) (3.18) 

Now Theorem I3.2[ b) assures that EP^f is symmetric and positive semidefinite. 
□ 



For semisimple root data we can also compute the Euler-Poincare characteristic 
in another way, as the character value of a certain index function. 

According to Lemma 11.41 for all facets / the algebra ?{{TZ,f,q) is finite dimen- 
sional and semisimple, so in particular the collection Ir r (TC (JZ, f,q)) of irreducible 
representations is finite. Let e^ S 'H{TZ, f, q) denote the primitive central idempo- 
tent corresponding to an irreducible HiTZ, f, g)-module a. For U G Mod{7i{TZ, f, q)) 
let [U : a] be the multiplicity of a in U. 

In the spirit of Kottwitz |Kotl §2], Schneider and Stuhler [ScStj III. 4] we define 
an Euler-Poincare function 

f^P - 1^ : ^ dim a "'^ ^^'^^^ 
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Proposition 3.6. Let TZ be a semisimple root datum and U,V & Mod/j„(7Y). Then 

EPn{U,V) = xv{f^p) 
Proof. Exactly like in ()3.16p we can calculate that 

r 

EPn{U,V) = ^{-irdimBomn{Pn{Uf,V) 

= E E F^-l^dimHom^(^,^,,)([/®e;,T/) 

n=0 /:dim f=n ■' 
( — } \dim/ 

fCA^ ^ <T&rr{H{n,f,q)) 

= xy(/fp) □ 



We will use this result in |OpSo| to show that the Plancherel measure of a discrete 
series representation is a rational function in with rational coefficients. 



3.5 Extensions of tempered modules 

We apply the results of Chapter 2 to relate the bornological Tor and Ext functors 
over Ti with those over S. That is more interesting than it looks at first sight, 
because S is not flat over 7i (unless q = l). 

Corollary 3.7. Take n G N. 

a) For all Ui„Vi) G Modfeor('5) the inclusion Ti ^ S induces isomorphisms 
Tor^(5,y,) - Torf(5,F,) = {I' I Hl 



Ext^([/,,14) ^ ExtS(C/b,H) 

b) For all finite dimensional tempered Ti-modules U and V there is a natural 

isomorphism Ext^(?7, V) = Extg(C/, V) . 

c) EPn{U,V) = EPs{U,V) . 

Proof, a) follows directly from Theorems I2.9l a) and lA.ll 
b) In this setting the bornological functor Ext^ agrees with its purely algebraic 
counterpart, as discussed in the appendix. The same holds for Extf , because the 
resolution from Corollarv 12.71 consists of 5-modules that are projective in both the 
algebraic and the bornological sense. Hence b) is a special case of a). 
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However for semisimple root data this can be proved more directly, without the 
use of bornological techniques. Namely, we can simply compare the projective reso- 
lutions from Corollaries 12. 31 a) and l2.7l a). If we use these to compute the Ext-groups 
and we apply Frobenius reciprocity, then we see that Ext^(C/, y) and Ext^(f7, y) 
are the homologies of isomorphic differential complexes. See also the remark at the 
end of Section 12. 3i 

c) is a trivial consequence of b). □ 



Notice that we have to take the derived functors with respect to bornological 
tensor products and bounded maps if we want to get Corollary 13.71 a) for infinite 
dimensional modules. If we would work purely algebraically this would already fail 
iovU = V = S. 

The main use of Corollary I3.7[ c) is the next theorem. Notice that the proof of 
the corresponding result for reductive p-adic groups |Mey3 Theorem 41] is a lot 
more involved. 

Theorem 3.8. Suppose that U and V are irreducible tempered TC-modules. If U or 

V belongs to the discrete series then 



Ext^{U,V) 



C if[/^yandn = 
otherwise 



Proof. The assertion for n = follows directly from Schur's lemma and the 
general isomorphism Ext'' = Horn. 

Let 6 be a discrete series representation of H. According to |DeOp[ Corollary 
3.13] Endc(5) is a direct summand of S, as algebras. Therefore 5 is both injective 
and projective as a 5-module. Thus for any tempered 'H-module V and any n > 
we have 

Ext^(y, 6) = Extg(y, 6)=0 (3.20) 

because 5 is injective and 

Ext^((5, V) = Extg(5, y) = (3.21) 
because 6 is projective. □ 



Let us introduce the space of " elliptic trace functions" 

Eii{n) := Gdn) / Yl Ind^(^^<^o^c(w(7^^/)) (3.22) 

where I-^ = {y ^ Y : {a , y) = Va € /}. Notice that this space is zero whenever 
TZ is not semisimple. From Proposition 13.41 and Theorem 13.51 we see that the Euler- 
Poincare characteristic induces a semidefinite Hermitian form on Ell{7i): 

EPn{\[Ul^i[V]) := ~XfiEPn{U,V) U,V e Mod^,„(W), A,/i G C 
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Proposition 3.9. a) The scaling map ctq induces a linear map Ell{T-L) — > Ell{W) 
which is an isometry with respect to the (semidefinite) Hermitian forms EP-^ 
and EPwr. 

b) The number of inequivalent discrete series representations of 7i is at most the 
number of elliptic conjugacy classes in W . 

Proof, a) follows directly from Theorem 13.51 b) 
b) According to Theorem 13. 81 the inequivalent discrete series representations form an 
orthonormal set in Ell(7{). By part a) the same holds for their images in Ell{W). 
From Theorem [321 a) we know that the dimension of Ell{W) is precisely the number 
of elliptic conjugacy classes in W. □ 

Remark. 

A lower bound for the number of discrete series representations can be obtained 
from counting their central characters. In turns out that for the crucial irreducible 
non-simply laced cases Cn^ , F4 and G2 this lower bound equals the above upper 
bound, for generic parameters. We will exploit this in jOpSo| to give a classification 
of the irreducible discrete series characters for any irreducible non-simply laced affine 
Hecke algebra, with arbitrary positive parameters. 

Example. 

Let Rq = Ai = {1, —1} and X = Z. Then Wq = {e,s} and W is generated by s 
and tis. Take a label function such that q{s) = q{tis) = q > 1. The affine Hecke 
algebra H{Ai,q) has a unique discrete series representation called the Steinberg 
representation. It has dimension one and is defined simply by 

On the other hand we have the "trivial" 7^-representation defined by 

It is unitary but not tempered. From Theorem 13.81 we see that 

^PH(St,St) = 1 

but is not immediately clear how many extensions of St by triv-;.^ there are. There 
certainly is an extension 

^ St ^ Ind2(</'g-i) ^ trivT^ ^ (3.23) 

so [Ind2(</)g-i)] = [St] + [triv^] in G(7i). Therefore 

i?P^(St,triv^) = SPH(St, [trivr^] - [lnd2(</.g-i)] ) 
= i?P,^(St,-[St]) = -1 

From Corollary I2.3[ d) we know that the cohomological dimension of Mod(7Y) is 1, 
so in particular 

Ext5^^(St,triv?^) = forn > 1. 
Therefore ()3.23p is up to a scalar factor the only nontrivial extension of St by trivT.^ . 
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Appendix A 

Bornological algebras 



In the chapter 2 we induce several modules from 7i to S. From an analytical point 
of view this operation is trivial for finite dimensional modules, since in that case 
all involved tensor products are purely algebraic. However for infinite dimensional 
modules we have to take the topology into account. For Frechet 5-modules we can 
use the complete projective tensor product. But for tensor products over Ti this is 
problematic as there is no canonical topology on 7i. 

Consider for example the trivial onedimensional root datum (Z, 0,Z, 0). Then 

For t G the ideal 

Jt := {/ G : fit) = 0} C C^{S') 

is generated by Jt Pi O(C^). It follows that for any finite dimensional iS(Z)-module 
V we have 

This property does not readily generalize to infinite dimensional modules, for exam- 
ple 

5(Z) ®c[z] 5(Z) ^ ^s{Z) S{Z) = . 

The right technique to fix this is bornology. On many vector spaces bornological and 
topological analysis are equivalent, but homologies combine well with homological 
algebra in larger classes. Bornologies are not so well-known, so we provide a brief 
introduction. See also |Meyl Mey2| . 



A bornology on a complex vector space is a certain collection of subsets that are 
called bounded. This collection has to satisfy some axioms that generalize obvious 
properties of bounded sets in Banach spaces. A morphism of bornological vector 
spaces is a linear map that sends bounded sets to bounded sets. There is a natural 
notion of completeness of bornological vector spaces, similar to that of completeness 
of locally convex spaces. 

On any vector space V we can define a more or less trivial bornology, the fine 
bornology. A subset X C V belongs to this bornology if and only X is a bounded 
(in the usual sense) subset of some finite dimensional subspace of V. In this case 
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V is bornologically complete and any linear map from V to another bornological 
vector space is bounded. By default we equip vector spaces with a countable basis 
with the fine homology. 

More interestingly, if ^ is a complete topological vector space (e.g. a Frechet 
space) we can define the precompact homology on V as follows. We call X C 

V bounded if and only if its closure X is compact. Under these assumptions V 
is bornologically complete and any continuous map between such vector spaces is 
bounded. Conversely, any bounded linear map between two Frechet spaces with the 
precompact homology is continuous |Meyl Lemma 2.2]. 



The category of bornological vector spaces is not abelian, but it does have enough 
injective and projective objects. It also has inductive and projective limits. 

Let F be a bornological vector space and Endf,or(^) the algebra of bounded 
linear maps V ^ V. A subset L C EndhoriV) is equibounded if L{X) := {l{x) : 
I & L,x & X} is bounded for any bounded set X C V. This gives Endbor(^) the 
structure of a bornological algebra. 

Let A be a unital bornological algebra. By definition a bornological A-module 
structure on V is the same as a bounded bilinear map AxV ^ V oi a, bounded alge- 
bra homomorphism A — > End;,or(^)- Let Mod;,or(^) be the category of bornological 
^-modules. 

The ^-balanced completed bornological tensor product (^ia is defined by the 
following universal property. Bounded linear maps Vi(X'a^2 ^ with V3 complete 
correspond bijectively to bounded bilinear maps b : Vi x V2 ^ V3 that satisfy 
b{via,V2) = b{vi,av2)- 

In case Vi,V2 and A have the fine homology this is just the algebraic tensor 
product over A. On the other hand, if Vi,V2 and A are Frechet spaces with the 
precompact homology then this agrees with the completed projective tensor product 
over A. 

By definition a sequence 

^ Fl ^ 1^2 ^ ^ 

in Modbor(^) is a bornological extension if the maps are bounded ^-module homo- 
morphisms and the sequence is split exact in the category of bornological vector 
spaces. We call a differential complex of bornological A-modules exact if it admits 
a bounded C-linear contraction. These notions of extensions and exactness make 
Modbori^) iiito an exact category, whose derived category we denote by DeiboriA). 
Let (8)^ and MHom^ denote the total derived functors of (8) a and Horn a- Thus U (^Si^V 
is an object of Deif,or{A) whose homology is Toi^{U,V), and the (co)homology of 
MHom^(?7, V) is Ext^(C/, V). However, the total derived functors contain somewhat 
more information, as the passage to homology forgets the bornological properties of 
these differential complexes. 

Suppose that A, U and V have the fine homology. Then the bornological func- 
tors and Hom^i agree with their algebraic counterparts. Hence Toi^{U,V) and 
Ext^(C/, V) are the same in the algebraic and the bornological sense. 

Let f : A ^ B he a morphism of unital complete bornological algebras and 

O^A^Pn^R< 
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a resolution of A by projective A^A°^ -modules. 

Theorem A.l. \Mey2 , Theorem 35] The following are equivalent: 



1) B®aP*®aB is a projective B^B""^ -module resolution of B. 

2) {f*B)®\{f*B) B®\b B) is an isomorphism. 

3) {f*U)®\{f*V) U^^V is an isomorphism yU G Modbor{B°P),V e Modbor{B). 

4) MHomB([/,y) miomA{f*U, f*V) is an isomorphism yU,V e Modbor{B). 

5) The functor f* : Derbor{B) DeiChor{A) is fully faithful. 
We call f isocohomological if these conditions hold. 

Direct consequences of conditions 3) and 4) are 

Torf(C/,F) - ToTt{f*U,f*V) 
Ext|j(C/,y) ^ Ext*^{f*U, f*V) 

where we mean are the derived functors in the bornological category. 

We equip Ti. with the fine homology and let ModhorCH) be the category of all 
bornological 7Y-modules. Notice that any 'H-module can be made bornological by 
endowing it with the fine bornology. This identifies Mod(7l!) with a full subcate- 
gory of Modbori'H). An 7Y-module is bornologically projective if and only if it is 
algebraically projective, namely if and only if it is a direct summand of an (alge- 
braically) free 7^-module. So as long as we are working in a purely algebraic setting 
the bornological structure does not give much extra, but neither is it a restriction. 

We endow 5 with the precompact bornology, so that any finite dimensional 5- 
module is bornological. We denote the category of all bornological 5-modules by 
Modbor{<S). Probably there exist <S- modules that do not admit the structure of a 
bornological 5-module, but they seem to be rather far-fetched. We note that a 
projective object of Modbori<S) is usually not a projective 5-module in the algebraic 
sense, rather a completion of the latter. 

A bornological H-module (vr, V) is called tempered if it extends to S, i.e. if the 
following equivalent conditions hold: 

1) vr extends to a bounded algebra homomorphism S Endbor(^) 

2) vr induces a bounded bilinear map S x V ^ V 

A (sub-)linear functional / : ^ C is tempered if there exist C,N G (0, oo) 
such that 

\f{N^)\<C{l+M{w))^ yweW 
The collection of all tempered linear functionals is the continuous dual space of 

s{n,q). 
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Proposition A. 2. Let V he a Frechet space endowed with the precompact homology. 
An Ti-module (tt, V) is hornological if and only if iT{h) : V ^ V is continuous 
V/i € Moreover it is tempered if and only if the following equivalent conditions 
hold. 

3) TT induces a jointly continuous map S x V ^ V 

4) TT induces a separately continuous map S x V ^ V 

5) for every v €V and every continuous seminorm ponV the suhlinear functional 

n [0,oo) : h^p{TT{h)v) 

is tempered 

6) for every v (zV and every / € y* the linear functional 

n^C:h^ f{7r{h)v) 

is tempered 

In particular the category Modpre{<S) of continuous Frechet S-modules is a full suh- 
category of yiodi,or{S) . 

Proof. We already noted that vr(/i) : V ^ V \s continuous if and only if it is 
bounded. Since Ti carries the fine homology this is equivalent to the first assertion. 

For the same reason M.odpre{S) forms a full subcategory of Modfeor('5). 

It is clear that condition 3) implies the other five. Conversely 3) follows from 2) 
by |Meyl Lemma 2.2] and from 4) by the Banach-Steinhaus theorem. 



If / G then |/| is a continuous seminorm on V, so 5) implies 6). 
Finally we show that 6) implies 4). Endow Ti. with the induced topology from S 
and fix t; E By assumption the linear map 

n^V -.h^ 7r{h)v (A.2) 

is continuous for the weak topology on V. Since V is Frechet (IA.2|) is also continuous 
for the metric topology on V [KeNal 21. 4. i]. Hence ()A.2p extends continuously to 
the metric completion S 7i. 

Now we fix /i = hw^w £ <S and we write hn = X] h^Nuj. We assumed 

weW w:M{w)<n 

that y is a Frechet "H-module, so (7r(/i„))^]^ is a sequence of continuous linear 
operators on V . We just showed that for fixed v ^ V the sequence {'K{hn)v)'^^i 
converges to 7r{h)v. The Banach-Steinhaus theorem (see e.g. |KeNal p. 104-105]) 
assures that 7r(/i) is continuous. 

We conclude that {h, v) — > TT{h)v is separately continuous. □ 



From the work of Casselman [Casl §4.4] one can deduce more concrete criteria for 
representations to be tempered or discrete series, see |Opdl Section 2.7]. It follows 
from these criteria that an "H-module can only be tempered if all its Z(Ty)-weights 
are unitary. 
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